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Abstract 
Let G be a connected graph with p vertices and n a positive integer with 1 dn <(p/2) - 1. 
G is said to be O-extendable if G has a perfect matching. G is said to be n-extendable if G has 
a matching of size n and every matching of size n in G extends to (i.e. is a subset of) a perfect 
matching. It is shown that in every nonbipartite, n-extendable graph G the independence number 
a(G) satisfies a(G) <(p/2) - n and that this upper bound is sharp for all n and p. If G is a 
nonbipartite, n-extendable graph with 4n+2> p, then G is Hamiltonian, and if 4n> p+2k, then 
G is (n + 2 + k)-connected for all integers k 2 0. Furthermore, the saturation number s(G) of a 
graph G is defined to be the smallest cardinal@ of a maximal matching of G. Some relations 
between the parameters s(G) and a(G) in n-extendable graphs G of order p are presented. 
1. Introduction 
All graphs in this paper will be finite, connected and simple. 
Let n and p be integers with 0 <n <(p/2) - 1 and let G be a graph with p vertices. 
G is said to be 0-extendable if G has a perfect matching. G is said to be n-extendable 
if G has a matching of size n and every matching of size n in G extends to (i.e. is 
a subset of) a perfect matching. The greatest integer n such that G is n-extendable, is 
called the extendability number extG of G. 
The concept of n-extendability in graphs of order p was introduced 1980 by Plummer 
[5] for n d p/2. Later the condition n <(p/2) - 1 was added to get the useful properties 
of an n-extendable graph to be (n - 1 )-extendable and (n + 1 )-connected [6,8]. 
The historical background and the earliest roots of the concept of n-extendable graphs 
are sketched in [6]. 
In this paper we shall present some new results on n-extendable graphs by using 
Yu’s nice characterization of n-extendability in graphs, which is a generalization of 
Tutte’s l-factor theorem. Furthermore, we give an example, which shows the sharpness 
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of Plummer’s result saying that every n-extendable graph is (n + 1 )-connected in the 
general case. Let o(G) denote the number of odd components of a graph G. The size 
of any largest matching of G is called the matching number of G and is denoted by 
v(G). For S G Y(G) let G[S] be the subgraph induced by S. Let T(v, G) be the set of 
vertices adjacent to the vertex v in G and, more generally, T(S, G) = lJDES T(v, G) for 
S & V(G). 
Theorem (Yu [9] Theorem 3.3.11). A graph G is n-extendable (n > 1) if and only if 
every vertex set S C V(G) satisjes the following conditions: 
1. o(G -S)< ISI and 
2. ifo(G - S) = ISI - 2k with O<k<n - 1, then v(G[S])<k. 
All graph terminology not defined in this paper may be found in [4]. 
2. A sharp upper hound for a(G) 
If H is a factor of the graph G, then cc(G) <a(H). For a perfect matching M of G, 
the induced subgraph G[M] is a factor of G with a(G[M]) = p/2. These facts yield 
the following lemma. 
Lemma 2.1. 1. If G is a graph of order p having a perfect matching, then a(G) < 
P/2. 
2. If G is u bipartite graph of order p having a perfect matching, then 
a(G) = p/2. 
For nonbipartite, n-extendable graphs (n > 1) we shall improve the estimation 
a(G) 6 p/2 of Lemma 2.1. The next lemma plays a central role in our proof. 
Lemma 2.2. Let n be a positive integer and let G be an n-extendable, nonbipartite 
graph of order p. Then: 
1. G=K, or 
2. extG = 1 and a(G) = (p/2) - 1 or 
3. v(G - T) > n for each independent set T c V(G) with ITI = u(G). 
Proof. Let G be an n-extendable, nonbipartite graph of order p satisfying 
G#Kp and,ifextG=l, thena(G)#f-1. (1) 
Let T c V(G) be an arbitrary independent set with 1 TI = a(G), S = V(G) - T, and 
m = v( G[S]) (see Fig. 1). 
Suppose to the contrary that m <n. If m = 0, then S is independent and (S, T) is a 
bipartition of G, contradicting the hypothesis. Therefore, G[S] has a maximum matching 
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M = {a,b ,,..., ambm} of size ma 
and 
. Furthermore, S’ = S - V(M) is independent 
IS\ - 2m = IS’1 <a(G) = ITI = o( G - S). (2) 
Fig. I. 
Of course, G is of even order, and hence o(G - S) z 1 S 1 (mod 2). By Tutte’s 
l-factor theorem we have o(G - S) 6 ISI and (2) yields 
o(G - S) = ITI E {IS\, IS( - 2, ISI - 4,. . ., /SI - 2m). 
From our assumption m <n, we deduce that G is m-extendable and hence there exists 
a perfect matching M’ in G with M CM’. Since T and S’ are independent, we see 
that 
IS’1 = (TI = a(G). (3) 
Now let CI = a(G), T = {tl,. . . ,t,}, S’ = {z,, . . . ,z,} and M’ = M U {tlzl ,...,GZ)> 
see Fig. 1. 
For all So c S with )Sc) = 2m - 1, there is an edge xoyo E E(G[S - SO]), because 
IS -SO/ = (S/ - ISol = a(G) + 2m - (2m - 1) = a(G) + 1 > a(G). We now produce a 
contradiction to our assumption in seven steps. 
Step 1: 
‘v’i, 1 d i em, hi, yi E S’ with aixi, b,yi E E(G). (4) 
Since S’ is maximal independent, (4) is immediate. 
Step 2: 
Vi, 1 <i <m, we have xi = yi and xi is unique, i.e., 
Vx;Cl, y( E S’ with a&, biyi E E(G), we have XI = xi = J(. 
(5) 
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Suppose that there exists an i E { 1,. . . , WI} with Xi # yi. Then MI = (MU{xiai, yibi})- 
{aibi} is a matching of G[S] with IMr 1 = IMJ + 1 = v(G[S]) + 1, a contradiction. The 
same conclusion shows that Xi is unique. 
Step 3: 
Xi # Xj + aiaj,aibj,ajbi, bibj $f E(G) Vi,]’ with 1 <i < j dm. (6) 
Assume that (6) is not satisfied, i.e. for xi # xj we have without loss of generality 
UiUj E E(G). Then k’s = (M U {aiaj, bixi,bjxj}) - {aibi,ajbj} is a matching of G[S] 
with lM3] = IMI + 1 = v(G[S]) + 1, a contradiction. 
Let Cj be the component of G[S] with zj E V(Cj) for I< j<a. 
Step 4: 
{ai, bi} C V(Cj) Vi with zj = Xi, 1 <i<m, and 
[Cjl is odd Qj, i.e. o(G - T) = ITI = a(G). (7) 
Since S’= {zr,..., za} is independent and S = S’ U V(M), we obtain (7) immediately 
by (4)-(6). 
Step 5: 
xi = xj + aiaj, aibj, ajbi, bibj E E(G) 
Vi, j, 1~ i < j <m, i.e. every Cj is a complete graph. (8) 
Let xi = xj for i # j and assume without loss of generality that aiaj $ E(G). By (5), 
S” = (8’ U {Ui,Llj}) - {Xi} IS an independent vertex set of G with IS”1 = IS’1 + 1 = 
a(G) + 1, a contradiction. 
Step 6: 
extG>2 and ]V(Cj)] > 1 + {tj} = T(Ci,G)fl T 
Vj with 1 <j < a(G). (9) 
Let extG 22 and let C’ be a component of G[S] with ) V(Cj)l > 1. Because tjzj E 
M’ C E(G) and zj E V(Cj), we see that { tj} C T(Cj, G) n T. NOW we prove 
{tj} > I’(Cj, G) n T. The hypothesis I V(Cj)l > 1 implies that there is a vertex a # zj 
in Cj. Since T is a maximal independent vertex set, there exists a vertex t E T with 
at E E(G). Next, we prove 
t = t’ Vt’ E T fY f(zj, G) Vt E T n T(u, G) VU E V(Cj) - {Zj}. (10) 
Now let t’ E T n T(zj, G), a E V(Cj) - {zj}, and t E T fl r(a, G). Suppose that 
t # t’. Consider the Graph G’ = G - {a, t,zj, t’} and the vertex set T’ = T - {t, t’}. 
We have o( G’ - T’) = o(G - T), because only the odd and complete component 
Cj of G - T has been reduced by two vertices. As a consequence of (7) we see 
that o(G’ - T’) = x(G) = ITI = JT’I + 2 > IT/l, and hence, by Tutte’s theorem, 
G’ contains no perfect matching. But then {Ut,zjt’} cannot be a subset of a per- 
fect matching of G, i.e. G is not 2-extendable, contradicting extG >2, and (10) is 
proved. 
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NOW, by (10) we have T n T(zj,G) = {t,} = T rl T(a, G) for all vertices 
a E V(Cj) - {zi}. Hence, {ti} > J’(Ci, G) n T and (9) is valid. 
step 7: 
G = K, or extG = 1 A a(G) = (p/2) - 1, contradicting ( 1). 
From m> 1 and (7) we deduce that G[S] has a component Cj with al,bi E I’(Cj). In 
particular, we have 1 V(Cj)l > 1. 
1. extG 2 2. Then (9) implies r(Cj, G) n T = {tj}. Since every n-extendable graph 
is (n + 1 )-connected, it follows that G - {tj} is connected and therefore V(G) = 
V(Cj) U {tj}. Consequently, x(G) = 17’1 = I( = 1 and SO G = K,. 
2. extG = 1. In this case our assumption m <n yields m = 1. Thus p = ITI + (SI = 
ITI+j{a~,6i})+(S’/=cx+2+r=2~+2,andhencecc=(p/2)-1. 0 
Theorem 2.3. Let n 20 be an integer and let G be an n-extendable, nonbipartite 
graph with p vertices. Then cl(G) <(p/2) - n. Moreover, the upper bound for a(G) 
is sharp for all n and p. 
Proof. If n = 0, we get the result by Lemma 2.1. If G = K, or extG = 1 and 
tl( G) = (p/2) - 1, equality holds, because 
a(K,) = 1 = 5 - $ - 1 
( ) 
= 5 - extK,. 
Thus, by Lemma 2.2, we may assume that 
v( G - T) > n for all independent T c V(G) with ) TI = u(G). (11) 
Let T be a maximum independent vertex set and S = Y(G) - T. Obviously, a(G) = 
/T] = o(G -S) and (SI = p - H(G). 
Assume that a(G) > (p/2) - n. Then 2a(G) > p - 2n and therefore o(G - S) = 
a(G) > p-a(G) - 2n = ISI - 2n. Since p is even, we have o(G - S) > ISI - 2n +2 = 
ISI - 2(n - 1) and Tutte’s theorem yields o(G - S) E { ISI, /S/ - 2,. . . , ISI - 2(n - l)}. 
If k E (0, 1,. . .,n - 1) with o(G - S) = IS] - 2k, then, by Yu’s theorem, we have 
v( G - T) = v(G[S]) < k < n, contradicting (11). 
The following examples will show that the estimation is best possible. 
1. If G is a graph with E(G) > p(G)/2, then G does not have a perfect matching, 
and hence G is not n-extendable. 
2. For p = 2, the complete graph K2 is 0-extendable with cx(K2) = 1 = (p/2)-extK2. 
3. If p 24 is an even integer and 1 < c( d p/2, then consider the graph 
G = K,_, + CI . K,. It is a simple observation that a(G) = (p/2) - extG. 0 
If G is an arbitrary graph and T & V(G) an independent vertex set with v(G- T) = k, 
then it is easy to see that c(( G) 3 (p(G)/2) - k. Combining this fact with Theorem 2.3 
or Lemma 2.2, we obtain the following corollary. 
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Corollary 2.4. If n > 0 is an integer, G an n-extendable, nonbipartite graph of order 
p and T c V(G) an arbitrary independent vertex set with v(G - T) = k, then 
1. (p/2) - k<cc(G)<(p/2) - n. 
2. Zf na2 and ITI = a(G), then k3n + 1 or G = KP. 
For the special case 1 TI = a(G) and v(G - T) = k = n + 12 3 we can give a more 
precise result than Theorem 2.3 and Corollary 2.4. 
Theorem 2.5. Let n 22 be an integer and let G be an n-extendable, nonbipartite 
graph of order p. g there is an independent vertex set T c V(G) with 1 TI = a(G) 
and v(G - T) = n + 1, then a(G) = (p/2) - n. 
Proof. Let T = {tl , . . , tx} be an independent vertex set, S = V(G - T) and 
M = {albl,..., an+lbn+l} a matching in G[S] with [MI = n + 1 = v(G[S]). Then 
S’ = S - V(M) is independent with IS’1 <a(G). According to Corollary 2.4, we have 
(p/2) - n - 1 <a(G)<(p/2) - n. 
Assume that a(G) = (p/2) - n - I, i.e. IS’1 = a(G), and let S’ = {zr ,..., z,}. 
Since T and S’ are maximum independent vertex sets of G, it follows for the bipartite 
graph G’ = G[T U S’] that a(G’) = a(G). Therefore, the well-known theorem of Konig 
[4, p. 41 implies that G’ has a perfect matching. 
Let Mt = {tlzl , . . , t,z,} be a perfect matching of G’. Analogous to the proof of 
Lemma 2.2 we obtain a contradiction, and therefore a(G) = (p/2) - n. ??
3. Connectivity and extendability number 
Chvatal and Erdijs [l] proved 1972 that every graph G with rc(G)>a(G) - 1 has 
a Hamiltonian path. Thus, by considering the graph G’ = G - V(M), where M is an 
arbitrary matching of G of size n, we obtain 
Theorem 3.1. If G is a graph of even order with K(G) > a(G) + 2n - 1 for a non- 
negative integer n < p(G)/2, then G is n-extendable. 
Corollary 3.2. Let G be a graph with a perfect matching. Then extG + 1 <K(G)< 
a(G) + 2extG, and the bounds for K-(G) are sharp. 
Proof. The left inequality is a well-known result of Plummer [5]. Let n =extG. Since 
G is not (n + 1 )-extendable, Theorem 3.1 implies rc( G) < a(G)+2n + 1. The sharpness 
of the lower bound was 1980 shown by Plummer [5] for p(G) = 2n+2. For arbitrary n 
and even p(G) > 2n + 2 we define the (n + 1 )-regular bipartite graph G,. as follows: 
Let V(G,.) = A U B with A = {at,,. . . ,a(,/2)_1}, B = {bo,. . ., bcp,2)_1}. E(G,,,) 
consists of all edges of the Hamiltonian cycle C = (ao, bo, . . . , a(,/z)-l, bcp,2)_-1, ao) 
and those chords ab, a E A, b E B, with distance dc(a, b) in C odd and at most n. 
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Fig. 2 
Furthermore, if n is even, then the edges Uib~i+(ni2,)cmod(pi2,), 0 <i < (p/2)- 1 are added. 
Fig. 2 shows G20,4. 
Obviously, G, 1 is a cycle of length p, V( Gp,,,+l ) = V( G,,,n) and E(G, ,,+I ) = 
E(G,,) UMp,n+l for some perfect matching IW~,~+I of the graph Kp;2,p,2 - E(G,.) 
for all p, n. 
By definition, the graph G,. is (n + I)-regular, connected and bipartite. To show 
that G,, is n-extendable, we only have to verify the inequality Ir(S, GP.n)l 3 ISI for 
all S c A, 1 d IS] <(p/2) - it, because of Plummer’s characterization [6]. 
Let S c A, ISI = k, for some k with 1 d k <(p/2) - n. The case k = 1 is triv- 
ial. If k 22, then the intersection of the neighborhoods of two vertices s,s’ E S 
is maximal if s and 8’ have distance two on the Hamiltonian cycle C and con- 
sequently, the union of the neighborhoods is minimal. Inductively it follows that 
the neighborhood of S is minimal if for every two vertices s,s’ E S each ver- 
tex a E A between s and s’ on the Hamiltonian cycle C belongs to S. Conse- 
quently, 
IW, Gp,n)l 2 lQ{ao>. .,~~_,},G,,,)~=n+l+(k-l).l=n+k=(S(+n. 
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The sharpness of the upper bound is illustrated by the graph G = M . K1 + Kt,_ with 
a<~/2 and ~84 even. 0 
For the proof of the next result we use the following theorem of Plumrner [7]. 
Theorem 3.3 (Plummer [7]). Let G be an n-extendable graph with n > 1 and suppose 
S z V(G) is a cutset of G with IS] = n + 1. Then S is independent. 
Theorem 3.4. The following statements hold for any nonbipartite, n-extendable graph 
G of order p: 
1. If 4n + 4 2 p, then G has a Hamiltonian path, 
2. tf 4n + 2 > p 24, then G has a Hamiltonian cycle, 
3. tf 4n 3 p, then G is Hamiltonian connected and K(G) > n + 2. 
Proof. Let G be a nonbipartite, n-extendable graph of order p such that 4n + 2k 2 p 
with k E {0,1,2}. Then n + k>(p/2) - n and hence n + k>cr(G) by Theorem 2.3. 
Since G is (n + 1 )-connected, we have rc(G) > a(G) - k + 1 and for k = 2, k = 
1, and k = 0 it follows from the results of Chvital and ErdGs [l] that G has a 
Hamiltonian path, a Hamiltonian cycle, and that G is Hamiltonian connected, respec- 
tively. 
Now suppose to the contrary that 4n 2 p and K(G) = n + 1. Then there is a cut- 
set S c V(G) with ISI = n + 1 and hence, by Theorem 3.3, S is independent. Thus 
a(G) > n + 1 and in view of Theorem 2.3, we obtain n + 1 <(p/2) - n. This yields the 
contradiction 4n < p - 2, and the proof is complete. 0 
Finally, we shall generalize the inequality K(G) 2 n + 2 of Theorem 3.4 for non- 
bipartite, n-extendable graphs with 4n B p(G). For that we need the next lemma and 
an extension of Theorem 3.3. 
Lemma 3.5 (Plummer [7]). Let G be k-connected, ka 1, let S be a minimum cutset 
in G, and let C be any component of G - S. Then given any subset S’ G S, S’ # 0 
and IS’] d I V(C)l, there exists a complete matching of S’ into V(C). 
Theorem 3.6. Let n,t be positive integers and let G be an n-extendable graph 
with n(G) = n + t. Then every vertex cutset S c V(G) with ISI = n + t satisjes 
a( G[S]) > n + 2 - t or G[S] = Kz,,. In particular, a(G) 2 n + 2 - t = 2n f 2 - tc( G). 
Proof. Suppose a(G[S]) < n + 2 - t for a vertex cutset S of size n + t. Then it 
follows 2v(G[S])>n + t - a(G[S]) > 2t - 2, and hence v(G[S])a t and n 2 t. Now let 
Mt = {albl,..., arbI} be a matching in G[S] and S = V(M,) U {s, ,...A-r). 
Case 1: n = t, i.e. rc(G) = 2n. By assumption we have a(G[S]) = 1 and so 
G[S] = Kz,, and a(G) 22, for otherwise G = KP and p - 1 = tc(Kr) = 2n <2extG = 
2((p/2) - 1) = p - 2, a contradiction. 
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Case 2: n > t, i.e. S’ = {st ,. . .,sn-*} # 0. Let Cl, . ..,C, be the components of 
G - S, where r > 1. Relabeling the components if necessary, we may assume that 
IV(Cl)l>lV(Cj)l forj > 1. 
Claim. For each component Ci of G - S, 1 V( Ci)[ <n - t - 1. 
Suppose the contrary, say IV(Ct )I >n - t. By Lemma 3.5, we can match all of 
sI,. ..,s,+ into V(Ct). Let this matching be A42 = {stct ,..., s,_,c,_,}. 
Now M2 u Ml is a matching of size n which must, therefore, extend to a perfect 
matching of G. Thus, in particular, II’( - (n - t) must be a nonnegative even 
integer. 
Now st must be adjacent to some vertex wt E V(C2). Then A43 = (M$~MtU{stwt})- 
{slcl } must be a matching of size n which cannot be extended to a perfect matching 
of G, since A43 covers S, but leaves an odd number of vertices in V(Ct ) unmatched. 
So we have a contradiction of the hypothesis that G is n-extendable and the claim is 
proved. 
Proof of Theorem 3.6 (conclusion). By the above claim we have 1 d I V(C] )I d 
n-t - 1 < n-t, and by Lemma 3.5 we can match any I V(C, )I vertices from S - V(Mt ) 
into (and therefore onto) V(Ct ). Denote this matching by A44 = {et,. . . , ek}, where 
ci = sici and k = IV(Ct )I. Note that A44 leaves m = (n - t) - k > 0 vertices of 
S - V(Mt ) unmatched. 
Suppose now that m < C~=,jV(Ci)l. Then by Lemma 3.5, the m vertices in S - 
V(A4t ) unmatched by A44 can be matched into V(C2) U . . . U V(C,). Let 
MS = {el~~..~ek~ek+l~..., en_,} be this extension of M4, where ei = sici. 
Let Cj be a component containing a vertex CO not matched by ,445. Let I V(Cj)l = /. 
NOW k = I V( Cl )I > I V(Cj)l = e, so by Lemma 3.5, there exists a complete matching 
N of {s,,... ,s/} into, and therefore onto, V(Cj). Hence N must match one of ~1,. . . ,s/ 
to CO, say S/CO E N. Hence A47 = (Ml UA4s U {spq}) - {spq} is a matching of size n 
which covers all of S and all of Cl, except the vertex cf. Thus MT does not extend to 
a perfect matching of G, a contradiction. 
So we may assume that m = (n - t) - k>C~=,jV(Ci)I. But then 
1 V(G)1 = 15’ + 2 I v(G)/ = (n + t) + I ~(CI >I + 2 I f'(Ci)I 
i=l i=2 
<n+t+k+n-t-k=2n, 
contradicting the hypothesis that G is n-extendable. 0 
Corollary 3.7. If G is an n-extendable graph with n > 1, then K(G) > 2n + 2 - a(G). 
Using Theorem 2.3 we obtain 
Corollary 3.8. Let k,n be nonnegative integers with n > 1, and let G be a non- 
bipartite, n-extendable graph of order p with 4n 2 p + 2k. Then K(G) 2 n + 2 + k. 
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Corollary 3.9. Let G be a nonbipartite graph. Then ext G 6 i(p(G)/2) + n(G) - 2). 
4. Saturation number in n-extendable graphs 
A matching M of a graph G is maximal, if there exists no matching M’ # A4 with 
A4 c M’. The minimum size of a maximal matching we call the saturation number 
of G, and denote it by s(G). A maximal matching of size s(G) we call a minimum 
saturated matching of G. 
The following lemma is obvious. 
Lemma 4.1. Let G be a graph. Then 
1. s(G)<v(G). 
2. If G is n-extendable, then s(G) >n + 1. 
Graphs G with s(G) = v(G) are called equimatchable. They were studied by Lesk 
et al. [3]. 
Our aim is to obtain sharp lower bounds for s(G) in n-extendable graphs. The case 
n = 0 was already done by Flach and Volkmann [2]. 
Theorem (Flach and Volkmann [2]). For every graph G it holds that s(G) >v(G)/2. 
Corollary 4.2. If G is a graph of order p having a perfect matching, then s(G) z p/4. 
Theorem 4.3. Let n > 0 be an integer and let G be an n-extendable graph of order 
p. Then 
s(G)> $+I . I 1 
Proof. Assume that 
But then 
s(G) < $ + 5. 
Let M be a minimum saturated matching of G. Then IMI = s(G) > n and V(G)- V(M) 
is an independent vertex set. Let MO c M be a matching of size n. Since G is n- 
extendable, the graph Gt = G - V(Mo) has a perfect matching and according to 
Corollary 4.2, we find 
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Furthermore, Mi = A4 - MO is a maximal matching of Gi, and hence 
s(G,)<(M,I=IMI-n=s(G)-n < $+;-n=T-4, 
a contradiction. ??
Let p, CY be two integers with p >4 even and 1 <a < p/2. For the graph 
G = aK1 + K,_, it is not difficult to check that 
s(G) = 
and therefore Theorem 4.3 is best possible. 
If M is a minimum saturated matching in G, 
hence cx(G)>IV(G)I-/V(M)I=p(G)-2s(G). 
we obtain 
then V(G) - V(M) is independent and 
Combining this fact with Theorem 2.3, 
Corollary 4.4. 1. Zf G is a graph and n 30 with s(G) < (p(G)/4) + (n/2), then 
NG)a(p(G)/2) - n. 
2. Zf G is an n-extendable, nonbipartite graph and k30 an integer with 
s(G)=F+;+k, 
then (p(G)/2) - n - 2k<a(G)<(p(G)/2) -n. 
Lemma 4.5. Let G be an n-extendable graph. 
1. Zfs(G)<n + k, then n>(p(G)/2) - 2k. 
2. Zf G is bipartite with s(G) = n + 1, then G = Kp,2, P~2 - M, where M is a 
matching of Kp12, P/2. 
Proof. 1. It follows from Thereom 4.3 that 
n+kas(G)>F +; 
and hence n > (p(G)/2) - 2k. 
2. The first part implies n > (p(G)/2) - 2 and thus p(G) <2n + 4. Since G is 
(n + 1 )-connected and bipartite, we have G = Kp,2, Pi2 - M, where M is an arbitrary 
matching. E’ 
Theorem 4.6. Let G be a nonbipartite graph with extG 3 0. 
1. Zf s(G) d extG + k for a positive integer k, then a(G) <2k. 
2. s(G) > [ext G + (a(G)/2)1. 
Proof. 1. Let s(G)< extG+k. Then by Lemma 4.5 extG>(p(G)/2)-2k. Furthermore, 
Theorem 2.3 yields extG < (p(G)/2) - cl(G). From these two inequalities we see that 
(p( G)/2) - 2k < (p( G)/2) - a(G), and consequently, LX(G) d 2k. 
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2. Since s(G) > extG, there is a positive integer k with s(G) = extG+ k. Therefore, 
by the first part, we have E(G) 62k = 2s(G) - 2 extG which completes the proof. 0 
Let p and a be two integers with pb4 even and 1 <cc <<p/2. For the graph G = 
KP_% + c( . KI we see that s(G) = [extG + (%(G)/2)1, and thus Theorem 4.6 is also 
best possible. 
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